Abstract. The irregular strip packing problem consists in minimizing the length used to cut a set of pieces from a board with fixed width. Recently, a mixed integer programming model was proposed for the problem, but it may allow a large number of symmetric solutions. In this paper, new symmetry breaking constraints are proposed to improve the model. Computational experiments were performed for instances with convex pieces. The results show the proposed formulation is better than the previous one for most instances, since it improves lower bounds and reduces run-time and number of nodes explored to prove optimality.
Introduction
The irregular strip packing problem (also known as irregular open dimensional problem) consists in cutting irregular pieces from a rectangular board with fixed width and infinite length. In the problem, pieces cannot overlap and each piece must be inside the board. The objective is to minimize the board length used to cut the pieces. The problem is both economical and environmental relevant, since reducing material consumption decreases production costs and minimizes wastes.
The irregular strip packing problem is NP-hard [9] and the methods proposed to solve it are mainly heuristics. The best solutions for large benchmark instances were found in [4] . He proposed a guided cuckoo search algorithm to solve the problem. In his method, the best fit between two pieces is found using a pairwise clustering and then the guided cuckoo search algorithm is applied to find complete solutions.
Some mixed integer programming (MIP) models were proposed to represent the problem. Fischetti and Luzzi [5] were the first to propose a MIP model to the problem. Alvarez-Valdes et al. [1] defined some structures used in [5] and developed a branch-and-bound algorithm to solve the model. Santoro and Lemos [11] proposed a MIP model to convex polygons with some limitations: the polygons can have up to eight edges and their opposite edges must be parallel. Cherri et al. [3] proposed two models that allow rotation of pieces. The models differ in the geometric structures used to avoid overlap among pieces. Toledo et al. [12] proposed the dotted-board model where the pieces were placed in a finite set of dots inside the board. The optimality of the model is subject to the discretization used to generate the dots. In order to combine the accuracy of continuous models with the advantages of the dotted-board model, Leao et al. [8] proposed a semi-continuous model where the pieces can be placed in continuous positions in x-axis and in discrete positions in y-axis.
Here, new symmetry breaking constraints for the MIP model described in [3] are proposed. Computational results show the performance of the model is improved in various aspects such as lower bounds, number of nodes explored and run-time.
MIP model
In this section, we define the irregular strip packing problem and review the No-Fit Polygon Covering Model (NFP-CM) proposed in [3] .
Given a set of N pieces and a board with fixed width W, the irregular strip packing problem consists in minimizing the length z of the board used to cut all pieces. Each piece is defined by a set of vertices in clockwise orientation and one of the vertices is chosen to be its reference point. Let w The main difficulty to solve the problem is the non-overlap constraints. In NFP-CM the no-fit polygon is used to prevent overlap. For a review about non-overlap techniques and the geometry of the problem, see [2] .
[3] defined the following binary variables to prevent overlap:
where NFP i j is the no-fit polygon between pieces i and j. If piece i is on the right side of at least one edge k = 1, ..., K i j of NFP i j , there is no overlap between pieces i and j. NFP-CM is given by: 
Objective function (2) minimizes the length used to cut all pieces. Constraints (3) and (4) impose the pieces are placed inside the board. Constraints (5) prevent overlap among pieces. Constraints (6) ensure each piece is on the right side of an edge of the no-fit polygon while constraints (7) define the domain of binary variables.
Symmetry breaking constraints
NFP-CM (2)-(7) may have infinite symmetric solutions. Therefore, identical or equivalent solutions can be found several times by the enumeration scheme. In this section symmetric breaking constraints are proposed. The constraints can improve the linear relaxation of the model and reduce the number of identical solutions.
Partitioning the solution space
The main drawback of NFP-CM is non-overlap constraints (5) . The definition of variables ξ 
Connecting pieces
In a feasible solution for the irregular strip packing problem, some pieces may not touch each other. However, one can translate the pieces to connect them, obtaining another solution with the same quality. Consider the following variables:
Constraints (10) combined with (5) ensure if φ i j is equal to 1, the pieces i and j are connected.
To ensure each piece is connected with another piece, the following constraints are imposed:
Note that constraints (11) do not ensure all pieces are connected as a single component. For example, it may have two groups of connected pieces with no interconnection. To enforce all pieces are connected, one can impose all cut sets of pieces are connected, as defined by constraints (12) .
where δ(S ) is the cutset of S . Although constraints (12) impose connectivity, they introduce an exponential number of constraints in the model and therefore hamper its resolution.
Connecting pieces with the board
In the optimal solution, at least one piece can touch the bottommost position of the board. In fact, if there is a solution that does not satisfy this statement, one can translate a piece down until it touches the board, obtaining a solution with the same quality.
Let ω i be a binary variable, defined as follows:
, if piece i is in the bottommost position of the board; 0, otherwise.
Constraints (13) and (14) ensure at least one piece is placed in the bottommost position in the board.
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Pieces with same shape
Symmetric solutions can be found if there are multiple pieces with same type (shape). For example, if there are two pieces with same type, all the solutions can be duplicated in an enumeration scheme. To avoid such problem, the pieces of same type can be ordered. Consider T i the type of piece i, to eliminate the symmetry on the placement of pieces of same type, the following constraints are imposed.
Note that constraints (15), except in the case where the pieces are placed in the same y-position, eliminate symmetry of identical pieces.
Some values of ω i can be inferred for pieces with same type using constraints (13)-(15). Specifically, for a piece with several copies, only the smallest index constraint (13) can be active. Constraints (16) ensure only the smallest index copy of each piece type can activate constraints (13).
Results
In this section we present computational experiments to evaluate the performance of the proposed symmetry breaking constraints. The experiments were run on a computer with Intel Core TM i7-2600 @ 3.40GHz CPU and 16 GB RAM under Ubuntu 14.04 LTS 64 bits operating system. The instances were solved by IBM ILOG CPLEX 12.6 solver using default parameters and a time limit of 3,600 seconds. Table 1 presents the main characteristics of the evaluated instances: the name, the author(s) who proposed it, the total number of pieces, the number of piece types, the average number of vertices, and the upper bound (UB). The total number of pieces ranges between 3 and 17, with an average of 8.6 pieces, and an average number of 4.02 vertices per instance. Additionally, we present the upper bound (UB) used to estimate the big-M coefficients in constraints (5), for more details see [3] . UB was calculated using the bottom-left heuristic proposed in [6] with one thousand random input sequences. Table 2 reports the computational experiments of NFP-CM proposed in [3] and the improved NFP-CM, i.e., NFP-CM with symmetry breaking constraints (8) and (13)-(16). Improved NFP-CM obtained better or equal lower bounds (LB) for all instances. Moreover, improved NFP-CM proved optimality for nineteen instances, four more instances than NFP-CM. In average, improved NFP-CM was 35.70% faster than NFP-CM to prove optimality. However, improved NFP-CM was slower for instance santoro4. Considering nodes explored by CPLEX, three instances were solved at the root node. For the remaining instances, improved NFP-CM explored fewer nodes for fourteen cases. The biggest reduction of nodes explored to prove optimality was obtained for instance santoro1, where NFP-CM explored 185.36 times the amount of nodes of improved NFP-CM. Furthermore, improved NFP-CM solved all instances santoro faster than the original paper [11] . We also highlight improved NFP-CM is the first MIP model to prove optimality for instances threep3, threep3w9 and fu in less than 1,200 seconds.
Conclusions and further work
In this paper we have proposed symmetry breaking constraints for the irregular strip packing problem. Although this new set of constraints was added to NFP-CM proposed in [3] , the ideas presented here can be applied to other models.
